CHAPTER XI 289

PROGRESSIVE THIRD ORDER SINUSOIDAL WAVE

ABSTRACTS

The theory of the second order sinusoidal wave of chapter VII
is here continued to give the third order theory. The development of
the theory may be of hydrodynamic interest because it involves a little
more than Just including more terms. The results are of interest main-

ly by showing the celerity to increase with increasing wave height.

INTRODUCTION
In chapter VI we found that for deep water waves the second

order theory just like the first order theory had the solution R = k.
S0 to find the third order theory was Jjust a matter of including more

terms, In chapter VII we found that for second order waves on arbitra-
ry depth we would for one of the second harmonic waves get R = k.

This makes the convective terms in the expressions for accelerations

more complicated.

The chapter here is a copy of the author’s thesis of 1971,

In chapter VII the sinusoidal theory for progressive and
standing waves of first and second order was developed.
The procedure was to use the equation of continuity on the
water discharge,Q. through a vertical +to find +the

surface elevation, ns

3Q _ . 23
i (M)

where =x is the horizontal co-ordinate and + the time.

The horigontal particle velocity, u, was written :

o R, ° cosh(Rma Z)

u o= £1Qm ’ sinh (R« (D+n)) (2)
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The result of the third order theory will be as shown in this
symbolical drawing. PFor o we get h = Vzg-wzgoﬁQab@vzga+rng+b73©+gm
where ?1 was found in chapter IV and V,, and ¥y, were foun
in chapter VII. V?Sa,) b g and Mgy are found in thig
chapter in eqs. 26,27, 28, and 29, These four third order
components of are not combined in one term because they
have different ~ R-values. This is used for u, w, and p.

E.g. for u we have u = u1+u2a+u2b+u3a+u3b+u3c+u3d where

u, = o?iRicosh Riz/51nh Ri(D+Q), so that e.g. we for u

U= G,y 2k cosh 2kz/sinh 2k(D+?). Uoy

way from the bottom, z = o, to the surface, z = D+py . The
third order celerity depends on the wave height, eq. 33, and
on the rotation of gecond order (not considered in this chap-
ter). The wave height, H, , of the first order component will
be less than H, eq. 36, which means that this figure cannot
be used directly to compare the results of the first and se-
cond order wave with the third order wave.

o1 get

ig then used all the
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where m is an integer, z the vertical co~ordinate, D
the mean water depth and, with I being the wave-length,
Rm = 2°n/L in the first order theory with m having

only one value,
Through the equation of continuity the vertical

particle velocity, w was then found to, omitting Yy

3Q | simh (R-z)
dX sinh(R. (D+n))

Wz e

R o cosh(R<(D+n)) - sinth(Rez) . 21 (3)

+ Q -
sinhz(Rv(D+n)) ox

By the vertical and horizontal dynamic equation a wave
equation was produced, and from that the solutions of
first and second order were found. For the progressive
wave the surface elevation, n, consisted of one first

order term, 7, and two second order terms Mo, and Moy ¢
- - %
N ="My + Moy + Moy =5 = cos(wet - kex)

2
+ (%) o % o coth(keD) o cos(2epet —~ 2.Kkex)

+ (E) N CothékoD) » co8(2eet ~ 2.Kkex) (4)
sinh“(k.D)

where H 1is the wave-height, &k = 2.n/L, and @ = 2:1/T
with T being the wave-period. When using (2) and (3)
and the formule made from (2) and (3) R must be R = k
for mn,; and No, @nd R = 2-k for Moy, s Whereby the
dyriamic expressions differ important from the usually
used. To give a better understanding of the procedure the
process will be expanded to include the progressive wave

of third order.
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The third order terms that make up the third order
equation consist of 4 Q1 alone or combined with Moy s
QZa OT Moy s ng which are all knowri, or consist of

ﬂgq Qr5 which are to be fouand. As R is different for
QT arid ng 1t is dmportent here +o distinguis which Q
an R belongs to in terms with double QR like the cor-
vective terms. Where doubt is possible the belonging is
indicated with index a and dndex b It this way the

vertical acceleration Gz will be:

2 .
_ Jw W W _37Q sirih(Rez)
Gp =38+ 32 "Vt SE 0 U= - Sy sTan (R (D+n)7)

°

[29 . an . 239
LaX S

R o cosh(Ro(D+n)) » sinh(Rez)
Siﬁh2<R°(D+ﬂ))

o R
- Q. 20 9% LB - sinb(Res) [cosh® (R- (D)) + 17
%Y sinh? (Re (D))
: . 2 )
FaQa oQy, “ D 3" Q7 o R, e cosh(Raoz) , 81mh(Rboz)
TSR O 3 T Y vx2 4 s (R~ {D+n)) sInR (R, < (D¥n))
8Q, R - cosh(Ra°z) .

ox Sinh(Rao(D+ﬂ)) - Gy X

R, . OOSh(Rb°(D+ﬂ)) - siﬂh(Rhoz)

SiﬁhZ(Rb°(D+ﬂ)
_ 5Qy, , 31nhgﬁbez) . 37
R siﬁh(va(D+n)) a X
o .
R,” ¢ cosh(R, - (D+n)) - cosh(R_-z)
sinhg(Ra(D+n))
R °. cosh (R, «(D+n)) - cosh(R_-z)
3 g o, N TYPE Ay 3N
Q53 -

a 0¥ Siﬂhg(Ra°(D+ﬂ))
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. By e cosh(Rbo(D+ﬂ)) o siﬁh(Rboz)
sinhg(Rbe(D+n))
r aQy, 5 62n7 Ry cosh(Rbo(D+n)) - siuh(Ry, - 2z)
..}.Lg & —(;;:;{....., o pg...i: + Qb o Z_J 2 " 2
7 - dx sinh” (Ry < (D+n))
5 2
e 09 ° 2 e 177 o I
- Ra L;Ooh(Ra z) o (M)C o Rb Sl.uh(Rb z)
a Sluh(Raa(D+ﬂ)) b X Sihhj(Rb°(D+ﬂ))
o R, cosh(Raoz) _
[eosh™ (Ry - (Dem)) + 17 - Q STRRR. (D7) (5)
The vertical dyuamic equation is:
20 X ~ 6
Iop v+ g Gz (O)
where vy ds the unit weight of the water and g the
acceleration of gravity. The pressure p 1s then found
by integration of (5) and (6). It is unecessary to distin-
guish bhetween the case of ®_ =R, and R & Rbe This
will be done by the term Aq(hgz):
. 2 .
2 Dgom - ous 1.2 cosh(R{D+n)) ~ cosh(R-z)
y ’ 5 LT AEe 0T R - sinn(he(DFn))
20 . an, 2Q | an 5%
o, 20, Sxo, ol . L '
tsx 5T T 3% 3% Q dX eat

cosh(Re (D+m)) - [cosh(R-(D+n)) ~ cosh(Roz)
Siﬁhg(Ro(D+ﬁ)>

Q. 20,21, R lcosh(Re (D+n)) - cosh(Rez)]
ox ot Simh3(R°(D+ﬂ))
[COShg(Ra(D+ﬂ)) + 17
20, oG 590 B
f{— a o ’b e Q ° ‘qi—?.. “‘f La, [ R
tOLET X a \Xé J simh(Rﬂo(D+ﬂ)) sinh(Rbo(D+n))
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_ dQ, Ry 4 an Ry, cosh(Rba(D+n))
53X Sinh(R. - (D+ b " Rx T
(R - (D+n)) sinh (Rbo(D+ﬂ))
50, R_Z . cosh(R_ - (Den))
] . g .21, . CORHA I n
oxX SLah(Ry - (D+r)) e  ox siﬁh2(3q°(D+ﬂ)>
. Raz - cosh(R_<(D+n))
" Qr . “""‘é . : 5 a
o oX sinh (Rao(D+n))
. vy Ry cosh(Rbo(D+r))
° kq{ o m«-n o
P i (R, - (Den))
YN e o (]
. l‘? a OQb o ‘éﬁ] N Q o -(ng’i”‘l] ﬂ I{b LOS.}Il(Rb (_)'{"T‘}))
L= % X b 2 el (- y
X sinh (hb «(D+m) )
- 2
A T " -0 .Qﬂ)z . VRb
a Sluﬂ(Ra°(D+ﬂ)) b X sinh)(Rba(D+n))
r 2,. 4 Ra 1 1
) cosh (Rb’(D%“'ﬂ)> + 1 I Q,a Siiﬂh(Ra"(D—}'ﬂ))J.' Aq(”r’]sz)j
, (7)
where:
Aq(ﬂqz) = %ﬁ o Tcosh(2:Re(D+n) - cosh(2:R.z)] (8)
for R;q = Rb = R19 ?hdz

—- oosh((Rb+R?)oz)

| cosh( (R +R, )+ (D+n))
Aq(ngz) : _ =

costhbw Ra> o (D+n)) ~ COSh((Rb» Ra)°z)

FanY
O
N

+ o) =
g o (wa Ra)

Ry

(7) is differentiated and the

Ry, s called A,(n,z). Terms

b

are taken along:

term dependilag o R,1 and
<l
of no more than third order
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g . 2P _ g . 3 aSQ . cosh(R-(D+n)) ~ cosh(R-z)
Y X 3X axgeat R « sinh(R-(D+n))
2 2 2 2
24 " an ., 2.Q ., om + 2 Q| omn 239 . 3am
3%-5F ° 3x T [2 3X.5t " 3% ax? STt 2 3% S3ST
3Q a?n 371 -
T3z T2l J
dX dX .t

cosh(R: (D+n)) - [cosh(R-(D+n)) - cosh(R-z)]
sinh2(Rv(D+n))

b s -, } ©

[_R_- rCOSh2(R°(D+ﬂ)) + 17 » Teosh(R:(D+n)) = cosh(Rez)]
- sinh3(R°(D+n))

3N
+ R ¢ coth(Rr (D+ﬂ))] - (%g ) %g ot
520 D1 an \Zﬂ )
n ., B G
Qo Sy s+ Q0 3% 0 SEISTY

B o [cosh(R-(Drn)) = cosh(R2)] | rooen?(R. (Din)) + 1)]
sirh- (Re (D+n)) |

+ Az(ngz) (10)

where for Ra = Rb = R

2 3
3 7
As(n.z) = (29 . 2.8 q - 229 .
oM Lax aX? aX?J

cosh(2:R-(D4+n)) = cosh(2°R-2)
4 - sinh® (R (D+m))

2 2
[ -0 2g) .

[w R « cosh(Re(D+n)) - [cosh(2.R:(D+n)) = cosh(2:R.z)]
2« gimh (R-(D+n))
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+ R o coth(Rv(D+n))J + {2 o Q %% . gmg T Q2

o-n

-
1
I
{

J
oX

R - cosh(R-(D+n)) - [cosh(2-R.(D+n)) ~ cosh(2-Rez)]

4 . sinhB(R°(D+ﬂ>)

For R, ¥ Ry, there is only uceded the term of
order in Ag(nqz):

L2, N

A (T],Z) =0 ° = - Q °

°

Ry

sinh(Ra-(D+ﬂ)) o sinh(Rh~(D+n))

[oosh((Rb+Ra)v(D+n)) - cosh((Ry+R,) - 2)
2 (Rb+Ra)

COSh((Rb~ Ra)°(D+ﬂ)) - cosh((wa Rq)°Z)
-+ : ) TS -
2 ( hb - R 3 )

| —1

secoid
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(12)

The general term in (2) gives the horizoutal acceleration,

GX:
- U, du 24, , - 29 , R - cosh(R.z)
GX =5F f 3% Ly YoE R sirh(Re (D+n))

31N R2 - cosh(Re«(D+m)) « cosh(R.z)
SiﬁhZ(R°<D+ﬂ>>

3Q R. - cosh(Raoz) Ry - cosh(Rboz)

a
Toax sinh(Rao(D+ﬂ)) Qb ’ siﬁh(Rbo(D+n))

R . COSh(Rao(D+ﬂ)) . oosh(Rqez}

Q. - an a
- Q. &1, N
A ox sinh™ (R, (D+n))

-
&

Ry cosh(Rboz)

Qy, - STEA (T, - (D n))
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2 . .
R,” - 81mh(Raoz) 30y, Slﬁh(Rb°Z)

- Q- Siﬁh(Raa(D+n)) TRX T Siﬁh(va(D+ﬂ))

Raz . sinh(Raaz)

Qv siﬂh(Rao(D+n)) " Uy

Ry - oosh(Rbo(D+n)) o sinh(Rbez)

(%
3

-2 (13)

Qs
b

sinhg(Rb°(D+n))

To give the wave-equation (10) and (13) are collected in

the horizontal dynamic equatior:

[
i
{
-2l
qu
Mo
=~

This wave-equatiorn is then divided into a z-dependent
arid a z-independent equation. The z-independent equa-

tion of first order was:

' 1 .
g - + s o a= o cOth(®-(D+n)) = 0 (15)
oX axoatz k

The z-independent equation of second order was s

3
on 3’ mn
g . ax2 + 2 w5 o % o ¢oth(R« (D+m)) =
X 3% )

2
(%) Cw” ek cos(p) - siu(s) -

[3 ~ coth®(K:D) ~ 8 + coth? (k- (D+n)) ] (16)
where the substitution was made:

= 2ot = 2:Kex (17)
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The gz-depeudent equation of second order was:

3
9l . ko cosh(k-z) _ 0" Mog . cosh{Kkez)
at sinh (k- (D+n)) ax»atg ko sinh(k.{(D+n))
2

cosh(k:(D+n)) - cosh(k-z)
Siﬂhg(k°(D+ﬂ))

(%) . wzo K o sin(2-0)

i
N

(18)

WAVE~EQUATION

The third order terms in the third order wave-egqua~
tion are made of different comtributions, here illustrated
by examples. Third order terms in (10) and (13) get substi-

tution of ny - Q1 with R = Kk 1like from (11):

T29)° _ . 2%97 . an
-V AX \X?J A
)

- R - cosh(R-(D+n)) . [cosh(2:R-(D+n)) - cosh(2:R.z)]
2 . sinh” (R.(D+n))

3 5
) ° wL -

nf

+ R . COth(Ro(D+ﬂ)): = (

[SiﬁQ(Q) + cos2(e)}~ sinla) - | - coth (ke (D+n))

~d

f _ cosh(2ek o (D+n

1

Lo

. %) ~ cosh(2-k-z) + 1] (19)
2 o sinh (k(D+n))

Second order terms iu (10) and (13) get substitution of

Ny, Qq with R =k combined with either Moyt oy

with R = k or Nope Qop with R = 2.k, like from (11)

aud (12):
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[29 EZQ - Q . 63Q7 cosh(2+-Re(D+n)) = cosh(2.R-z)
Lax © TP %" .2 N
d% DX 4 o sinh™(Re(D+n))
2 5
-" "'(\1 Qa aQb _ Q . a Q'b"?a Ra, o
S X a axg A sinh (R, (D+n)) - sinh(Rbo(D+ﬂ))
(cosh((Rb+Ra)e(D+n)) - oosh((Rb+Ra)~z)
L 7 (Bt R)
. co\shﬂ((:ﬁb - Ry« (D+n)) - cosh((R, - Ra)»z)w]’
i
2 ° (R‘b”"Ra')
2 2 3 3
[oh 2, Mee 2% 2% LT
X ax2 X aX? 1 ax5 2a an
270, 20 220, -
cosh(2:k:(Dtn)) - cosh(2-k-z) , [° *1 Y2y e .l ggj ,
4 - sinhg(Ko(D+n)) Laxz oX L 3xo
K “[cosh(Bok-(D+n)) - cosh(3ek-z)
sinh (ke (D+n)) - sinh(2<l. (DFn)) 6 o Ik
2 .3
cosh(k:(Dn)) = cosh(k-2)7 [a Yop 3%y s
+ 2 K ] - ¥ CETN

2 o g
sTnh (2 R (D+n)) = sinh(ke (Drn))

Mcosh(3.k: (D+n)) ~ cosh(3.k.z) . cosh(k-(D+n)) - cosh{k-z)’
6 . K 2 Ik T

—

3
= (ﬁ) .o w2 » coth(keD) « [6 « cos(g) » sin(2p)

cosh(2<K:(D+n)) ~ cosh(2.k.z)

~ 3 » gin(e) < cos(2-08))
, 4 e Siﬂhz(k°(D+ﬂ))

3\

3 o 2 wg o CO’t’h.Sk"D) o er 2 Cos(\q) o Sil’j(gt'@,/

simhd(K»D) -

e
~~
N
S
e
ey
&
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k

+ 8 - cos(p) - sia(2:0)7 sinh(Ke (D+n)) » sinh(Z:-k-(D+rn))

. rcosh(kao(D+n)) -~ cosh(%3-kez) N costi(k(D+n)) - cosh(k-z)"
L 6 - k 2 sl J

+ [~ 4 o cos(2-p) « sin(e) + cos(2-n) . sin(e)]

2 .« Ik
sinh(2-k-(D+n)) - simh{l (D+n))

fcosh(B»ko(D+ﬁ)) - cosh(3-k-z) cosh(k-(D+n)) - cosh(koz)J}
L 6°i/< 2°k s

(20)

Third order terms are also got from the first and second

order equatiomns (15), (16) and (18). There are used:

+ 1 = R° + 1° « coth(R-D)
siﬂhz(R°D)

coth(Re (D+n)) ~ coth(R-D) - R
(21)

Untlil later when corrections are made the first and second
orderecelerity9 O1 and 02 will be used giving
g = %« - coth(k:D)., (15) will then give a third order

remainder on the left gide of:

H3 1 22 coth kD . Hy3,3 ,2,,2,g0th kKD . o
(307 g k™ gy rsin Becos 28 + ()7 o sintBkD °

H3 2 2 E_Q‘Hl_kp s 2 [ (22>
- (EQ s " k * SInLEED sin & cos 7

Tn the same way (16) gives:

(23)

5 2 th (ke r 12
& W® e nf L sethlled) - 8
sinh™ (kD) sinh(2k-D)

d

. sin(a) o COSZ(G)
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And (18):
3 ]
H 2 2 1 cosh(kez)
° ° 5} ° 1¢< e e I G
@) o sinhz(kaD) sith{le (D+n))
cos(0) - sinu(2.9) (24)

The wave-height, measured as the difference in the
elevation of the crest and the trough, will not be the
same for the complete third order wave and its first and
second order componernts. The latter will then be written
H1 in the following to distimquish it from the real Wave-
height, H (here: = third order wave-height), and the
relation between H and H1 will be determined later.
Then the complete wave-equation of third order will be
written, first the (unknown) terms with ﬂB and Q39
ther the terms with Nog and Q2a9 then with Mot and QQb,then
with n,. and Qq, and finally the terms from (22), (23)
and (24):

3
om3 0 Q3 . COSh(Re(D+ﬂ2

g - - T
BX aX2°at R Sl]lh

) ~ cosh(R-z)
R (D+1n))

aQB . R - cosh(R-z) (

- k 2
T 3T sinh(Re {(D+n)) + ) o= e w” e coth(k-D)

7
o{m 2 « cos(p) - =in(2:9) - 4 . cos(2-9) - sin(s)

+ [20 « cos(p) - sin(2er) + 25 . siu(p) - cos(2-0)]

cosh(l: (D+n)) « [cosh(l (Dtn)) ~ cosh(k-z)]
sinhg(ko(D+n))
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+ [6 ¢+ cos(p) - sin(2-9) ~ 3 « sin(e) - cos(2-0)7 -

cosh(2ke (D+n)) — cosh(2.k.z)
4 .+ sinh® (ke (D+n))

+ [2 - cos(e) - sin(2:0) + cos(2-p) « siu(p)]

cosh(k»(D+n)) -_cosh(k-z) + N
Siﬁhd(k°(D+ﬂ)) ’
3
H
v () - % .

ICENE oothékoD) . {m 2« cos(e) - sin(2-0)
sinh (kD)

~ 4 « cos(2-9) - siu(e)

+ [14 « cos(e) « sin(2:0) + 12 » sin(e) -« cos(2:0)]

cosh(k+(Dyn)) - Fo9sh(ke(D+n)) — cosh(ikez)]
sinha(k-(D+n))

+ [13 - cos(2-9) - sin(p) + 6 - sin(2.9) - cos(o)] -

cosh(2-ke (D+n)) =« [cosh(2°K-(D+n)) ~ cosh(2.kez)]
simhg(Z«k«(D+n))

- y y
) bOu(G) ° Slu(ga@) . Sillh()z{c(])+7‘|)) - Sil’lh(?."}y(f(])“{*’!’]))

Fecosh(3el:(D+n)) - cosh(3.k-z) N cosh (ke (D+n)) - oosh(koz)]
L S A

- . . 2« Ik
= 3+ cos(2-6) - siu(e) - SRR (I (Drn) )« sinh(Z ks (D+n))

, Tcosh(3 k- (D+n)) ~ cosh(3-k-z)  cosh(l (D+n)) - cosh (ke z)
L 6 - Kk 2o d

. cosh(ke(D+n)) - cosh(lkez)
sinhg(k°(D+ﬂ))

+ 2 « cos(p) « sin(2.9)

4 o cosh(2:%: (D+n)) « cosh(2.k.z)
sinh® (2. (Din) )

+ cos(2.p9) - sin(a) -
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. cosh(k.z) , 2 ° cosh(2.ke2)
sinh( ke (D+n) sinh(2<we (D))

+ cos(2-0) - sin(a)

. 2 - cosh(2-k.2) cosh (e z)

+ 2 ccos(0) - 9in(2:0) - SmEEC R ¢ SRR T

. sduh(k.z) _ sinh(2-kk.2)
siuh (k- (D+m)) ~ s1mh(2-k- (Drn))

f
N

. cos(p) - sin(2-9)

, o4 - sinh(2-k.z)  sinh(iez)
sinh(2-1K- (D¥n)) sirh (k- (D+n) ) J

cos(2.9) - sin(s)

{

3
H
1 2 p
+ (g“) cows e Ko {[m 2 - sin2(9) + oosa(e)] - sin(e)

Mook rcoshz(M°(D+n)) + 17 - fecosh(k-(D+n)) - cosh(kez)T
sinh” (ke (D+n) )

L

+ K - coth(yy(D+n))] + fsiﬁg(e) -2 cosz(e)] . sin(s)

W o Tecosh(lc-(D+n)) ~ cos(k-z)]

2 .
Slﬁh3(‘&‘ (D+T])) [costhy (k (D—}-n)) + ’]’J

+ sin(e) - Wk o coth(l (D+n))

[_ cosh(Eok-$D+g)) ~ cosh(2k-z) N 1}
2 - ginh“ (K (D+n))

-3 cosg(e) - sin(e) - k . coth(k:(D+n))

cosh (2K (D+n)) - cosh(2:k-z)
4+ sinh® (k- (Den))

. coﬁh(&e(D+m))}

- cosz(e) o sin(e) - 5
sinh® (ke (D+n))

3
H
1 2 . a0t (I s
+ (g“) o w2 - ke {~ sin(g) - cosz(g) . ”Othék D))
) , siuh™(K-D)
1 . . ,coth kD 3 . . ,coth kD
+ 2o31n Pecos 26 SinLZED + 2 gsin ®.cos 26 =i 8 kD
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b N ar

gin(%-0)

1t can not bhe solved for terns

sin(3.0) ° cosh(3-k-z), and as

it ds further

(25) is divided into 5 equations: oune of

one of

and two

equations give the solutions
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sinh2
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1
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Then the solution with a surfece~profile like the oiie
of first order, N3 with R =2 - [k

2 Z
1’]30 = ("?W) « KT e ,J:né o coth4(%oD) +%— . Co‘thg(ko]})

3 M
=% 5 ° cos(w-t - Kkex) (28)

The two z-independert equations ares one with sin(e)

arid oiie with sin(3.e). Besides of z-independent terms

Trom (25) they consist of terms from M3g0  Nzp- aud
cl

M3 substituted iuto:
N

.3
Nz a7Q
g . ax) - 23 . % cosh(R- (D+n))
. a}r o?)t X

g 18 8till substituted by g = &~ . coth(k-D). The so
© b

1
tion to the equation of sin(3.¢) must have R = % . |

because of the z-depeudeut equations:

3 |
H ‘
. 2 N

Mg = (=)« 2= < K (18 cotn® (kD)

~ 33 . coth¥ (kD) + 8 - Oothz(k°D> + 7]

o cos(Bemet = Folkox) (29)
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CELERITY AND WAVE-HEIGHT

The z-independent equation with sin(g) will

reduce to:

3
A'n e a ,n' © .-:I-. 7 o
g coth(R-D)
axeat
3

H
= (@l) o kg o wg » coth(k-D) - sin(e) -

(1 comton) - 23 - coml(en) 14 ()

Because of the z-dependent equations R = k., But then
ro solution of third order can satisfy (30) with the
usual g. So g must be different and then primarily
for the first order term of Me & will then be writtern:

2

g = q - %ﬁz—— o COﬂ’l(@ff"D) (31)

whereby (30) with = = ny = % > cos(0) give for «:
2

H .
e D S O 2 1]
o = 1 (ﬁm) K [1 g © coth (kD) ~ 2 7 © coth™(k-D) + 1 79
(32)
where there can be used Hy = H. (31) gives the celerity
03 for the wave of third order:
ozmwgm1 £ . tanh(k.D) 3
05 = Q§ = i arh (k. (33)

Deep-water waves (D - o) gives

2 H,
@ =1 -3 (7 (34)
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Tfrom which it is seen that for deep~water waves of even
10% steepriess the celerity is increased less than 2% by
using the third order theory instead of first or second

ordex,

Like shown in chapter VII for the wave of second order the
varticle velocities and pressure can now be calculated by
(2), (3), aad (7) using Q = C .n with the different R~

values and 7n- values and using:

=M T Mg F Mgy o Nzg Mgy + Mgy + Nag (35)

The wave-height, H, is thenm written as a function

of Hy by (26)., (27), (28) aud (29);

7 Hy Hy ’ 2 rg - 6
=gt () - K 5% - cotn®(keD)
.39 A \ 1 2 _ 33
g coth™(k-D) + B coth™ (kD) 5T (36)
which for D - o is reduced to:
)
H H
1 2 1 .
EI = '*2'“1 -+ ('2"“ ° ﬁ,«g o '2‘% (57)

from which it is seen that H1 is about 5% less than H

for a deep-water wave of 10% steepness.
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